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Uniformly ontrolled one-qubit gates are quantum gates whih an be represented as diret sums
of two-dimensional unitary operators ating on a single qubit. We present a quantum gate array
whih implements any n-qubit gate of this type using at most 2n−1 − 1 ontrolled-NOT gates,
2n−1 one-qubit gates and a single diagonal n-qubit gate. The iruit is based on the so-alled
quantum multiplexor, for whih we provide a modied onstrution. We illustrate the versatility
of these gates by applying them to the deomposition of a general n-qubit gate and a loal state
preparation proedure. Moreover, we study their implementation using only nearest-neighbor gates.
We give upper bounds for the one-qubit and ontrolled-NOT gate ounts for all the aforementioned
appliations. In all four ases, the proposed iruit topologies either improve on or ahieve the
previously reported upper bounds for the gate ounts. Thus, they provide the most eient method
for general gate deompositions urrently known.
PACS numbers: 03.67.Lx, 03.65.Fd
Keywords: quantum omputation, uniformly ontrolled gates
I. INTRODUCTION
A quantum omputer is an emerging omputational
devie based on enoding lassial information into a
quantum-mehanial system [1℄. Sine the breakthrough
fatorization algorithm by Shor in 1994 [2℄, progress in
researh on quantum omputing has been expeditious [3℄.
Most quantum omputers involve a olletion of two-level
systems, a quantum register, in whih the information is
stored. The two-level systems themselves, alled qubits,
an also be replaed by arbitrary d-level systems, known
as qudits [4℄. The omputation is performed by the uni-
tary temporal evolution of the register, followed by a
measurement. In order to exeute the desired algorithm,
one has to be able to exert suient ontrol on the Hamil-
tonian of the register to obtain the required propagators.
These unitary propagators, ating on the register, are
alled quantum gates.
The urrent paradigm for implementing quantum algo-
rithms is the quantum iruit model [5℄, in whih the
algorithms are ompiled into a sequene of simple gates
ating on one or more qubits. The detailed deomposi-
tion of an arbitrary quantum gate into an array of ele-
mentary gates was rst presented by Bareno et al. [6℄.
Reently, several eetive methods for implementing ar-
bitrary quantum gates have been reported [7, 8, 9℄.
In addition to these onstrutions, deompositions for
ertain speial lasses of gates have been onsidered:
the loal preparation of quantum states [9, 10, 11℄,
diagonal [12℄, and blok-diagonal quantum omputa-
tions [13℄. The important problem of the implementa-
∗
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tion of an arbitrary two-qubit gate has also been reently
solved [14, 15, 16, 17℄. These generi quantum iruit
onstrutions will serve as basi building bloks for a low-
level quantum ompiler and failitate the optimization of
the quantum gate arrays.
The underlying motivation for the pursuit of the opti-
mal quantum iruit deomposition is deoherene [18℄,
whih plagues the pratial realizations of quantum om-
puters [3℄. The properties of the quantum ompiler and
the available gate primitives strongly inuene the exe-
ution time of a quantum algorithm, as is the ase with
their lassial ounterparts. However, owing to the short
deoherene times it is ruial to keep the usage of the
omputational resoures as low as possible, even for the
very rst demonstrations of quantum omputation.
In this paper, we disuss the properties of uniformly on-
trolled one-qubit gates whih extend the onept of uni-
formly ontrolled rotations introdued in Ref. [8℄. We
give an eient implementation for these gates in terms
of one-qubit gates and ontrolled-NOT gates (CNOTs).
Moreover, we observe that our onstrution an be im-
plemented eetively also by using only nearest-neighbor
gates. To illustrate the usefulness of the uniformly on-
trolled gates, we apply them to two examples: the deom-
position of an arbitrary quantum gate and a loal state
preparation proedure. The obtained quantum iruits
are quite ompat; in terms of the number of CNOTs in-
volved, the general gate deomposition is brought on par
with the most eient urrently known general gate de-
omposition [9℄ and somewhat surpasses it in the number
of one-qubit gates, whereas the gate ounts required to
implement the state preparation iruit are halved om-
pared to the previous implementations [9, 10℄.
This paper is organized as follows. Setion II denes uni-
2Figure 1: Uniformly ontrolled one-qubit gate F kt (U(2))
stands for a sequene of k-fold ontrolled gates Ui ∈ U(2),
where i = 1, . . . , 2k, ating on the qubit t.
formly ontrolled gates. In Se. III, the iruit topology
implementing the uniformly ontrolled one-qubit gates
is onstruted. The implementation is based on the so-
lution of an eigenvalue equation and is thus ognate to
the quantum multiplexor operation rst introdued in
Ref. [9℄. In Se. IV, the osine-sine deomposition (CSD)
of an arbitrary n-qubit gate [8℄ and a loal state prepara-
tion proedure [10℄ are improved using this onstrution.
Finally, in Se. V, we onsider the implementation of the
uniformly ontrolled one-qubit gates in a linear hain of
qubits with only nearest-neighbor ouplings. Setion VI
is devoted to disussion and a summary of the results
obtained.
II. UNIFORMLY CONTROLLED GATES
We dene a uniformly ontrolled one-qubit gate
F kt (U(2)) to be a sequene of k-fold ontrolled one-qubit
gates in whih all the 2k ontrol node ongurations are
utilized. All the one-qubit gates in the sequene at on
the qubit t, see Fig. 1. We use the symbol F kt (U(2)) to
denote a generi gate of this type, whereas the full deni-
tion of a partiular F kt (U(2)) gate entails the denition
of all the U(2) gates {Ui}2
k
i=1.
Let us now onsider the set Gt(2
n) ⊂ U(2n) of all gates
of the form Fn−1t (U(2)). Eah U ∈ Gt(2
n) is a 2n-
dimensional unitary operator that an be expressed as
a diret sum of two-dimensional unitary operators Ui,
all operating in subspaes whose basis vetors dier only
in the qubit t: U =
⊕2n−1
i=1 Ui. Sine all the opera-
tors in Gt(2
n) have idential invariant subspaes, the set
is losed under multipliation and inversion: assuming
that A,B ∈ Gt(2n), we have
AB =
2n−1⊕
i=1
AiBi ∈ Gt(2
n), (1)
A−1 =
2n−1⊕
i=1
A−1i ∈ Gt(2
n). (2)
Figure 2: Two-qubit onstant quantum multiplexor where v
and u are SU(2) gates, D is a xed diagonal gate, and R is
an adjustable diagonal gate.
These properties make Gt(2
n) a subgroup of U(2n).
We point out that the matrix representations of all the
gates in Gt(2
n) an be made simultaneously 2× 2 blok-
diagonal in the standard basis using a similarity trans-
formation, namely a permutation of the qubits, in whih
the qubit t is mapped to the qubit n.
As a speial ase of uniformly ontrolled one-qubit gates,
we dene uniformly ontrolled rotations [8℄, in whih all
the two-dimensional operators Ui belong to the same one-
parameter subgroup of U(2), e.g., the group of rotations
around the z axis. The elements of this partiular sub-
group are denoted as F kt (Rz).
We extend the notation to aommodate also uniformly
ontrolled multiqubit gates; by F kT (U(2
s)) we denote a
sequene of k-fold ontrolled s-qubit gates whih at on
the set T of target qubits.
For onveniene, we use a shorthand notation for the
CNOT and the below dened two-qubit gate D. The
symbol Ckt is used to denote a CNOT whose ontrol and
target qubits are the k'th and t'th, respetively. Simi-
larly, Dij refers to a D gate ating on the qubits i and j.
III. CONSTANT QUANTUM MULTIPLEXOR
Let us start by studying the two-qubit gate F 12 (U(2)),
the matrix representation of whih onsists of two uni-
tary 2 × 2 bloks. We show that it an be implemented
using the multiplexor iruit presented in Fig. 2. The
main dierene between the presented onstrution and
the original quantum multiplexor [9℄ is that we an eet
the multiplexing operation using a xed diagonal gate
D between the one-qubit gates. The tradeo is an ad-
ditional diagonal gate R trailing the multiplexor. The
advantage of the proposed onstrution is that the xed
gate D an be implemented using a single CNOT, and
in many appliations the R gate an be eliminated by
merging it with an adjaent gate.
In matrix form, the implementation of the gate F 12 (U(2))
3is (
a
b
)
=
(
r†
r
)
︸ ︷︷ ︸
R
(
u
u
)
︸ ︷︷ ︸
I⊗u
(
d
d†
)
︸ ︷︷ ︸
D
(
v
v
)
︸ ︷︷ ︸
I⊗v
, (3)
where a, b, u and v are unitary and r and d are diagonal
unitary 2× 2 matries. This yields the matrix equations
a = r†udv, (4)
b = rud†v (5)
or, equivalently,
X := ab† = r†ud2u†r†, (6)
v = du†r†b = d†u†ra. (7)
Equation (6) may be reast into a form reminisent of an
eigenvalue deomposition:
rXr = ud2u† =: uΛu†. (8)
Note that X is xed by the matries a and b, but r an
be hosen freely. By diagonalizing the matrix rXr, we
nd the similarity transformation u and the eigenvalue
matrix Λ = d2. The matrix v is obtained by inserting
the results into Eq. (7).
SineX ∈ U(2), we may express it using the parametriza-
tion
X =
(
x1 x2
−x¯2 x¯1
)
eiφ/2, (9)
where |x1|2 + |x2|2 = 1 and det(X) = eiφ. The hara-
teristi polynomial of the matrix rXr is
det(rXr − λI) = λ2 − λ
(
r21x1 + r
2
2x¯1
)
eiφ/2 + r21r
2
2e
iφ.
(10)
The main result of this setion is that for any X , we an
nd r suh that the roots of the polynomial are two xed
antipodal points on the unit irle in the omplex plane.
This is aomplished by hoosing ri = e
iρi
with
ρ1 =
1
2
(
δ −
φ
2
− arg(x1) + kpi
)
, (11)
ρ2 =
1
2
(
δ −
φ
2
+ arg(x1) +mpi
)
. (12)
Above, k and m are arbitrary integers with k +m odd,
and δ is the desired argument for one of the roots λi:
Λ = d2 =
(
eiδ
−eiδ
)
. (13)
For onveniene, let us hoose δ = pi2 . Hene the
diagonal multiplexing gate D obtains the xed form
D = ei
pi
4
σz⊗σz
. It an be realized straightforwardly us-
ing an Ising-type Hamiltonian or, alternatively, it an be
Figure 3: Elementary gate sequene for the D gate, where H
is the Hadamard gate and Rz = Rz(pi/2). Gate P = e
−ipi/4
is an adjustment of the global phase and may be omitted.
Figure 4: Constant quantummultiplexor for two qubits. Here
the SU(2) gates u′ and v′ inlude some of the loal gates whih
transform the CNOT into a D gate. For the implementation
of the gate F 11 (Rz), see Fig. 9(a).
deomposed into a CNOT and one-qubit gates as shown
in Fig. 3. The resulting diagonal gate R assumes the form
of a uniformly ontrolled z rotation in the most signi-
ant bit, F 11 (Rz). The entire iruit is shown in Fig. 4.
Now we turn our attention to the deomposition of an
arbitrary F kt (U(2)) gate, where k > 1. First we pik
one of the ontrol qubits, m. This qubit pairs the two-
dimensional invariant subspaes of the gate in a unique
fashion. Hene the method of Eq. (3) may be used 2k−1
times in parallel, whih eetively demultiplexes the ho-
sen ontrol qubit m of the gate F kt (U(2)). The operation
may be performed using a single Dmt gate and a ompen-
sating diagonal gate whih again assumes the form of a
uniformly ontrolled z rotation F km (Rz):
F kt (U(2)) = F
k
m (Rz) F
k−1
t (U(2)) D
m
t F
k−1
t (U(2)) .
(14)
Again, the gate Dmt may be replaed with a C
m
t , see
Fig. 3, sine the required one-qubit gates may be ab-
sorbed into the surrounding gates. The nal form of this
step is presented in Fig. 5.
The deomposition of the gate F kt (U(2)) an be ontin-
ued reursively until only one-qubit gates, CNOTs and
uniformly ontrolled Rz gates are left. On the ith level of
the reursion, there are 2i gates of the type F k−it (U(2)).
The next level of the reursion is obtained by demulti-
plexing the ontrol qubit j in all of these gates. Given
that the leftmost F k−it (U(2)) gate is deomposed rst,
the resulting F k−ij (Rz) gate, being diagonal, an be om-
muted towards the right through the following D gate
and merged with the next F k−it (U(2)) gate. Hene, only
the rightmost of the F k−ij (Rz) gates atually needs to
be implemented on eah level of the reursion. The re-
sulting quantum iruit onsists of two parts: an alter-
nating sequene of 2k one-qubit gates and 2k− 1 CNOTs
4Figure 5: Constant multiplexor step for a k-fold uniformly
ontrolled U(2) gate, demultiplexing the qubit m.
whih we denote by F˜ kt (U(2)), and a asade of k dis-
tint uniformly ontrolled z rotations, whih orresponds
to a single diagonal (k+1)-qubit gate ∆k+1. Figure 6(a)
presents this deomposition for the gate F 34 (U(2)).
IV. EXAMPLES
This setion illustrates how the uniformly ontrolled one-
qubit gates an be applied to eiently solve two prob-
lems: the deomposition of a general n-qubit gate and
the loal preparation of an arbitrary quantum state.
A. Cosine-sine deomposition
Reently, we introdued a method [8℄ for deomposing a
given general n-qubit gate U into a sequene of elemen-
tary gates using the osine-sine deomposition (CSD).
In this approah, the CS deomposition is applied reur-
sively. Eah reursion step deomposes a k-fold uniformly
ontrolled s-qubit gate, where k+s = n, into two (k+1)-
fold uniformly ontrolled (s− 1)-qubit gates and a single
(n− 1)-fold uniformly ontrolled y rotation:
F kT (U(2
s)) = (15)
F k+1T \{m}
(
U(2s−1)
)
Fn−1m (Ry)F
k+1
T \{m}
(
U(2s−1)
)
.
Above, T is the set of s target qubits for the U(2s)
gates and m is the operational qubit for the step. Note
that, in this notation, a U(2n) gate may be denoted as
F 0N (U(2
n)), where N is the set of all the n qubits. When
applied to an arbitrary n-qubit gate, the reursion of
Eq. (15) nally yields the deomposition
U(2n) = Fn−1n (U(2))
2n−1−1∏
i=1
Fn−1n−γ(i) (Ry)F
n−1
n (U(2)) ,
(16)
where γ is the so-alled ruler funtion, given by Sloane's
sequene A001511 [19℄. The order of the nonommuting
operators in the produt is always taken to be from left
to right. Note that the Fn−1n−γ(i) (Ry) gates may as well be
onsidered as general Fn−1n−γ(i) (U(2)) gates.
We ontinue by deomposing the uniformly ontrolled
gates into one-qubit gates and CNOTs. Starting from
the last gate in Eq. (16), we write the diagonal part ∆n
separately:
Fn−1n (U(2)) = ∆nF˜
n−1
n (U(2)) . (17)
The diagonal part ∆n an then be merged with the
neighboring Fn−1n−1 (Ry) gate, whih is transformed into
a general gate of type Fn−1n−1 (U(2)). Again, the diago-
nal part an be separated and merged into the next gate
Fn−1n (U(2)). Continuing this proess sequentially, we
nally obtain
U(2n) = ∆nF˜
n−1
n (U(2))
2n−1−1∏
i=1
F˜n−1n−γ(i) (U(2)) F˜
n−1
n (U(2)) .
(18)
This deomposition involves 2n − 1 gates of type
F˜n−1t (U(2)), eah of whih takes 2
n−1 − 1 CNOTs and
2n−1 one-qubit rotations to implement. The nal diago-
nal gate ∆n is implemented using the same onstrution
as in Ref. [8℄. After eliminating one CNOT and n one-
qubit gates, we obtain a iruit of
1
24
n− 122
n− 2 CNOTs
and
1
24
n + 122
n − n− 1 one-qubit gates.
Table I presents a omparison between the improved CS
deomposition and the most eient previously known
deomposition, the NQ deomposition [9℄. The number
of CNOTs in the NQ deomposition is from Ref. [9℄. None
of the other results have been published previously.
Gate type NQ CS
xed U(4) 1
2
4n − 3
2
2n + 1 1
2
4n − 1
2
2n − 2
Ry, Rz
9
8
4n − 3
2
2n + 3 4n − 1
or SU(2) 17
24
4n − 3
2
2n − 1
3
1
2
4n + 1
2
2n − n− 1
Table I: Comparison of the upper bounds for the gate ounts
required to implement a general n-qubit gate using the NQ
deomposition [9℄ and the improved CS deomposition. The
xed U(4) gates may be taken to be CNOTs.
B. Loal state preparation
We have reently addressed [10℄ the problem of preparing
an arbitrary n-qubit quantum state |b〉n starting from a
state |a〉n. The state preparation iruit rst transforms
the state |a〉n into |e1〉n, and then, using the same strat-
egy, bakwards from |e1〉n to |b〉n. The |a〉n to |e1〉n
5Figure 6: Implementation of the gate F 34 (U(2)) using (a) general CNOTs, (b) only nearest-neighbor CNOTs. The gates
{ui} belong to SU(2). The alternating sequene of CNOTs and ui gates is denoted by F˜
3
4 (U(2)). The rightmost sequene of
uniformly ontrolled z rotations orresponds to a single diagonal gate, denoted by ∆4. For the nearest-neighbor implementation
of uniformly ontrolled rotations, see Fig. 10.
transformation onsists of a sequene of gate pairs
Sa =
n∏
i=1
[(
F i−1i (Ry)F
i−1
i (Rz)
)
⊗ I2n−i
]
. (19)
The eet of the gate pair F i−1i (Ry)F
i−1
i (Rz) on the
state |a〉i is to nullify half of its elements:
F i−1i (Ry)F
i−1
i (Rz) |a〉i = |a
′〉i−1 ⊗ |0〉1 . (20)
Hene, eah suessive gate pair nullies half of the ele-
ments of the state vetor that have not yet been zeroed,
and we have Sa |a〉n = |e1〉n up to a global phase.
Now we note that the pair of gates
Fn−1n (Ry)F
n−1
n (Rz) = F
n−1
n (U(2)) may be replaed
by the gate
F˜n−1n (U(2)) = ∆
†
nF
n−1
n (U(2)) , (21)
sine the diagonal gate
∆†n = ∆
0 †
n−1 ⊗ |0〉 〈0|+∆
1 †
n−1 ⊗ |1〉 〈1| (22)
does not mix the states;
∆†nF
n−1
n (U(2)) |a〉n = ∆
†
n
(
|a′〉n−1 ⊗ |0〉1
)
=
(
∆0 †n−1 |a
′〉n−1
)
⊗ |0〉1
= |a′′〉n−1 ⊗ |0〉1 . (23)
After ombining n − 1 pairs of adjaent
F kk+1 (Ry)F
k
k+1 (Rz) gates where k = 1, ..., n − 1
we nd that the entire iruit for transforming |a〉 to
|b〉 requires 2 · 2n − 2n − 2 CNOTs and 2 · 2n − n − 2
one-qubit gates. If |a〉 or |b〉 oinides with one of the
Figure 7: Quantum iruit for transforming an arbitrary
n-qubit state |a〉n into the standard basis state |e1〉n. The
diagonal gates ∆†i exatly anel the ∆i part of the adja-
ent F i−1i (U(2)) gate. The resulting gates are of the form
F˜ i−1i (U(2)) whih is eient to implement.
basis vetors |ei〉, the gate ounts are halved in the
leading order. The method presented here yields a
fator-of-two improvement in the gate ounts ompared
to the previous results [9, 10℄. The iruit for this
transformation is illustrated in Fig. 7.
V. LINEAR CHAIN OF QUBITS WITH
NEAREST-NEIGHBOR COUPLINGS
In most of the proposed physial implementations of
quantum omputers the qubits are spatially situated in
suh a way that only nearest-neighbor interations are
available. This does not imply that long-range gates
are impossible to onstrut, but it renders suh opera-
tions rather hard to implement. In this setion we on-
sider a quantum register onsisting of a hain of qubits
6Figure 8: CNOT asade whih an be eiently imple-
mented using nearest-neighbor CNOTs.
with only nearest-neighbor interations and show that
the onstrution presented for F˜ kt (U(2)) an be trans-
lated into an eient nearest-neighbor CNOT implemen-
tation. The tehnique is based on the iruit identity
shown in Fig. 8.
A. Uniformly ontrolled one-qubit gates
To nd the reursion rule for the nearest-neighbor imple-
mentation of a uniformly ontrolled one-qubit gate, we
modify the reursion rule expressed in Eq. (14) by in-
serting an identity in the form of a CNOT asade and
its inverse, a similar asade, into the iruit next to the
multiplexing gate Cmt . The asades onsist of the gates
Cit , where i runs over the qubits onneting the qubits
m and t. One of the asades is absorbed into the fol-
lowing F
j
t (U(2)). The remaining asade, together with
the multiplexing CNOT, an be eiently implemented
using nearest-neighbor CNOTs as illustrated in Fig. 8.
The omplexity of the nearest-neighbor implementation
depends on the relative order of the target and ontrol
qubits, and the order in whih the ontrol qubits are
demultiplexed. Sine the number of nearest-neighbor
CNOTs required inreases linearly with the distane be-
tween the ontrol and target qubits of the multiplexing
CNOT, we rst demultiplex the ontrol qubits that are
furthest apart from the target. Let us assume that a
F˜n−1t (U(2)) gate ats on a hain of n onsequent qubits.
If n ≥ 5, it is advantageous to use a sequene of swap
gates to move the target qubit next to the enter of the
hain before the operation and bak after it. A swap gate
an be realized using three onseutive CNOTs. Taking
this into aount, a F˜n−1t (U(2)) gate an be implemented
using at most
CU(2)(n, s) =
5
6
2n + 2n− 6s−
{
1
3 , n even
5
3 , n odd
(24)
nearest-neighbor CNOTs, where s = 1, . . . , ⌈n2 ⌉ is the
Figure 9: Reursion step for deomposing a uniformly
ontrolled rotation using (a) CNOTs (b) nearest-neighbor
CNOTs, applied to the qubit m. Note that the iruit di-
agrams may also be mirrored horizontally.
distane of the target qubit t from the end of the hain.
Figure 6(b) depits the resulting iruit for the ase n = 4
and s = 1.
Now onsider a k-fold uniformly ontrolled rotation gate
F kt (Ra), where the rotation axis a is perpendiular to
the x axis. It an be deomposed using the reursion step
presented in Fig. 9(b). To minimize the CNOT ount, we
mirror at eah reursion step the iruit of the latter uni-
formly ontrolled gate, whih results in the anellation
of two nearest-neighbor CNOT asades. For the same
reason as in the previous paragraph, the reursion step
is rst applied to the ontrol qubits furthest apart from
the target. The implementation for the gate Fn−1t (Ra)
requires at most
CR(n, s) =
5
6
2n + 3n− 6s−
{
4
3 , n even
5
3 , n odd
(25)
nearest-neighbor CNOTs. Figure 10 displays an example
iruit for the ase n = 5 and s = 2.
B. Cosine-sine deomposition
The deomposition of an arbitrary n-qubit gate is
ahieved exatly as in Se. IVA, but now the order in
whih the CSD steps of Eq. (15) are applied to the qubits
aets the nal gate ount. As seen in Eq. (24), it is fa-
vorable to have the target qubit of a uniformly ontrolled
one-qubit gate as lose to the enter of the hain as possi-
ble. Consequently, we start the deomposition from the
ends of the qubit hain, moving alternatingly towards
the enter. In this fashion, a general n-qubit gate an be
7Figure 10: Implementation of a uniformly ontrolled a rotation using nearest-neighbor CNOTs.
implemented using at most
CU (n) =
5
6
4n − n2n − 2n+
{
5
62
n − 53 , n even
1
22
n − 13 , n odd
(26)
nearest-neighbor CNOTs.
C. Loal state preparation
With the help of the results derived above, the imple-
mentation of the general state preparation iruit using
nearest-neighbor gates is straightforward. We follow the
reasoning of Se. IVB and simply replae the F˜ i−1i (U(2))
gates with their nearest-neighbor ounterparts, using the
deomposition derived in the beginning of this setion.
We nd that the implementation of the state prepara-
tion iruit requires at most
C
SP
(n) =
10
3
2n + 2n2 − 12n+
{
14
3 , n even
10
3 , n odd
(27)
nearest-neighbor CNOTs.
VI. DISCUSSION
In this paper we have studied the properties and the uti-
lization of uniformly ontrolled one-qubit gates. We have
derived a reursive iruit topology whih implements an
arbitrary k-fold uniformly ontrolled one-qubit gate using
at most 2k one-qubit gates, 2k − 1 CNOTs and a single
diagonal (k + 1)-qubit gate. This onstrution is espe-
ially eient if the gate is to implemented only up to a
diagonal, e.g. when the phase fators of eah basis vetor
an be freely hosen. We have also shown that this kind
of freedom appears in the implementation of an arbitrary
n-qubit quantum gate and in the rotation of an arbitrary
state vetor into another. The leading-order omplexity
of the iruit for an arbitrary n-qubit gate is 124
n
CNOTs
and an equal number of one-qubit gates, whih are the
lowest gate ounts reported.
The tehniques presented above are also amenable to ex-
perimental realizations of a quantum omputer in whih
the quantum register onsists of a one-dimensional hain
of qubits with nearest-neighbor interations. For exam-
ple, the number of the nearest-neighbor CNOTs in the
presented deomposition of an n-qubit gate is in the lead-
ing order
5
64
n
, whih is appreiably below the lowest pre-
viously reported value of
9
24
n
[9℄. Furthermore, the stru-
ture of the nearest-neighbor iruit allows several gate
operations to be exeuted in parallel, whih may further
redue the exeution time of the algorithm.
In Ref. [8℄, it was speulated that the gate ount of the
quantum CSD ould be redued by ombining adjaent
uniformly ontrolled rotations into single uniformly on-
trolled one-qubit gates, whih was realized in this paper.
To further redue the number of CNOTs in the iruit,
also the ontrol nodes of the CNOTs should be used to
separate the one-qubit gates arrying the degrees of free-
dom. However, uniformly ontrolled one-qubit gates an-
not be used as the sole basi building bloks of the iruit
in this kind of a onstrution.
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